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introduction

course instructor : Prof . Preet Kanwal
, preetkanwal@pes.edu

Prof . Kavitha kN

Automata Formal Languages Eg logic- -

abstract Itheoretical basis of Pls;
model of not natural
a computer language

. what can a computer compute q what can't it ?
• Theoretical subject

3 Central Areas

it
. Complexity theory easy , avg , hard
a
. Computability theory solvable

,
unsolvable (decidable and )3- Automata theory theoretical / abstract model non decidable

. Turing machine : any task performable of TM can be done on a

real computer
° Problems can be decidable or non- decidable ; solvable or unsolvable

input-m- ouytynto

ti.FgIEtmIinYnaead



MATHEMATKALPREUMINARIÉS

sets

• order of elements does not matter
• {

. .

,
. .

,
. . }

setlzepresentatim

1. Descriptive form
English description
" set of all even numbers

"

2. set builder notation
← rules

In / n E N and n is even}
T such that/where

3. Roster form
←

all elements

l - l
,
0
,
I
,
213

,
4,5}

Order of a set / cardinality
• Number of elements in the set
• What is IN / = ? (infinite)

1St = IN / = No



TYPES OF SETS

Empty set
° Empty set is represented by 0=11
• No elements
. Note : 0¥10 }

Singleton set
°

Single element
-

eg: 127
,
14}

,
l l l , 2,3 , 43}

Finite set
. finite no .

of elements

Infinite set
. infinite no . of elements
. S = N

Equivalent sets
• same no ,

of elements
• A -

- { 1,213,43 and B -

- { 13,14 ,
15
, 147

Equal sets
° Same elements
• A- = 11,2 ,3,43 and B = I 2,3 , 1,4 }

Disjoint sets
• No common elements

subsets
proper

. Proper : not equal sets ¢
- A -- 11,2133

,
B = { 2,3} ⇒ BC A

- A E A (improper subset)



superset
• A = It

, 2,3 } ,
B -- {2,3 }

e A 2B and A 2 A

Universal set
. all sets

Power set
• set of all subsets Cproper g improper)

SET OPERATIONS g IDENTITIES
. refer notes

Functions 4 Relations

• flu) = 3×-12 → f is a function
o y

-

- FCK) → y is a function f of a
• f maps x to y

Types of functions

1
.

One-to - one / injective function
each element of domain→ one element in codomain

2. Onto / surjective
all elements in codomain have a pre image

3. Bijective
both 2 - I and onto



Relation

° A binary relation b/w two sets is a subset of
cartesian product of two sets

.

° Let A and B be sets ; element a EA Ee b EB

• a is related to b as a Rb

•

eg : A = {0
, 1,2 } ; B

-

- L x
, y }

AXB = ( (O
,
x)
,
CO ,y) ,

Clik)
,
Cl

, y) , 12,x) , L2, y) }

R= I 0,70 ,
Cl

,
x)

,
(427}

R C AXB

Representing a Relation :

let R c AXA where A = { a ,b , c}

D Matrix form 2) Directed Graph (Digraph)

g/
a

.#

ii : tf
•

C



Properties of Relation

1) Reflexive

iff Ca
,
a) E R for a E A

{Chl)
, 12,27 , 13,37, 14,4 ), 4,2)}

✓

2) Symmetric

iff Cb
,
a) ER and Ca

,b) ER

3)Transitive

iff la ,
b) ER and Cb ,c) ER , then CA , C) ER

4) Equivalence Relation

all 3

Equivalence

. set of all elements related to element a EA
is called Later or ca]



FINITESTATEMACHINEIMBas.ie
Notation A Recognises

Moore g
1) Alphabet - E l mealy

o finite set of symbols
this

machine
• binary : {0,13

course

° English : { a , b , c . . . 2 }
• ASCII : all ASCII

2) String- w

• finite sequence of symbols
•

empty string- { E3 or EX's

3) length of string - IWI
° I {EH -

- o

4) Power of an alphabet - Ei
• set of strings of length i

• if E -
- { 0,13

so -- { X) set of strings with length O
g
'
= { 0

,
I }

82 = { 00,01 , 10,113

5) Kleene closure / Kleene star - 8
't

• set of strings of length 7=0 (universe)

. e.
*
= so U E

'

U 8
'
U

. . .

a



6) Kleene Plus - Et IPEVO
. set of strings of length S o

7) Language
- L

• set of strings obtained from s
't

° L E E*

e there are infinite languages from E
't

• Languages can be finite or infinite
l cannot

enumerate
all strings , butrepfmuitnatimlcanaspniogrwarn.it:OR

finite machine

Acceptors / State Machines
miser- yes Ino)crews

\| \
x - Non -Deterministic

Finite Acceptor Non- deterministic deterministic

Finite Acceptor Finite

Acceptor



Deterministic Finite Acceptor

o Eg : find
'
s
'
in string

string --
"

PES
"

final
start state state

→

#

finite set of States

• Define a language 4 construct DSA

L= { w : Iwl -- 2 , WE Laib's
't }

L -- Laa
,
ab.ba ,

bb}

. construct a machine that accepts words in

this language
° Note : SINGLE TRANSITION

,
finite set of States

→

. This machine is not deterministic; it does not
account for "Aba

"



Transition Diagram"

→±
✓

2.Transition tabgeymbo , in e
state no

.

it:i:¥¥÷:*
.

3. Description of Machine using 5 tuples

• DFA
,
NFA and X-NFA are 5-tuple machines

M-- { Q
,
8
, go , F ,

8 }

Q = set of States in machine M for language L
= LA

,B, C ,D}

8 = { a,b}

go
-

- start state = A E Q

F = set of final States = LL}

J -- transition function → differentiating
factor b/w 3 acceptors



o : Qxs →④ ←
a standee

staateinisnymgb
"

Ironic'T state
° For this machine

,

81A
,
a) = B ELA

, b) = B

JCB , a) = C JCB
, b) =L

OCC ,a) =D JCC
,
b) =D

or CD
,
a) =D SCD

,
b) =D

Question

L -- f w : Iwl S2 ,
we 8

't
where E -- Laib}}

create a DFA for this language

L -- L E
,
a
,
b
, aa ,

ab
, ba , bb}

Transition Diagram

→

• If string lands on a non -final state ( single
circle)

,
the string is rejected



Transition Table

a b

¥:92 92
*
q, 9,3 93
93 93 93

Description

M= { Q ,
8. Go , F ,

d }

0=190,9 , ,92,93} Igo ,a) = q ,

E- { a ,b} 8190
, b) -

- E,

go -

- {go} 8cg , , a) =L

F- = { 90,9 , , 923 0cg , :b)
= 92

0d !

L -- Lw : Iwl 22 , WE {a ,b3* )

L -- Laa
,
ab
,
ba

,
bb
, aaa - .

. } infinite

(not the

:÷÷ on:*:
":

only I
2-1 symbols unique

minimal state)



QUINOL = La w/ w E La ,b3*3 (start with a)

→0¥ a.b

i.
9
,
b

* Qu4
y = { w/ awob , Wo E la ist

't}

→O ⑧
b

fb Ia
9
,
b

Questing, f w I abwba
,
w E la ish 't }

Da f b
→0+0*0-40'@
⇐



QUIZ
L = f every la ' followed by a

'bb ' 3

a
→

b

Q

Quest
L , f every string contains 'aa

'
as a

µ
sub string, w E la , b3*3

→
ab

0M8
f. fan bm I n

,
m ? I }

fa g
b

→

oa-0-b.Ootbca@9a.b



0mV
g. { anbmln.ms- 03

ya
→④⇒
a

↳ G "b

• sina.su:*Question 10
-

L - f at least one a and one b } [if or
,

construct 2 DFAS and take cross product awllonitdd
g b be

→①⇒Ja , b 9--10113 fishes ,

ya
→

9lb a;{ AaB}

Q -

- Q , x Qu -

- { COA)
,

COB)
,

CIA)
,

CLB)}

intact:S Yo:3, Ying's't :B,



→

Oa

Ib
b Is aib

Question

f. atleast g endswitne.ve#o.ofa's
×

fb fab""

ariane 's

DFA -2 £
→⑧e,① 92=11.2133

HEI
b do cross product



Question

f- { anbm I Cntm) mod2=0 , n ,m 203

L - f X
,
aa

,
ab
,
bb
,
aaab

,
aabb
,
a bbb

,
aaaa . . .

}

→⑧→④ ④

÷÷¥ai÷
Question

L = I na Cw) mod 2=0
,
W E La

.
bt't }

→ job



Question

L -- { nacw) mod 2=0 and nbcw) mod 2=0}
W E la ,b3*

DFA - I fb a

→

b
Q -

- IA ,
B's

DFA-2 ya

→⑧ a 9=10,13

Q -- Q ,xQz= { AO
,
Al

, Bo i Bl }

at lb Ibb Ibb Elis
(Bo) CAD (BD CAO) (AO) CBD CAD CBO)

a

→
→¥

. ."
c-
a



WITHOUT USING CROSS PRODUCT

←
no . of a's mod 2

A b 00 -9 to
← no

.

of b's Mod Z
Oo b→ ol

→ * O O O → even no
.

0 I 1 → odd no
.

to -9 00

I O lo →b l l

l l
U l l -9 01

4 states 11 →b 10

01 -97 11

01 ⇒ 00

→⑧ ④
b ( Jb b.f) b-

a

④→④
←

If Question :

L -- { nacw) mod 2=1 and nbcw) mod 2=0}
WE { a ,b3*

final state = CIO)



Question

f- { naCW) mod 3=0 and nblw) mod 2=0 ,
w E la ist

't
}

na Cw) mod3 nbcw) mod 2

Ca) Cb)

O O 00

0 I 01

I 0 to

a

' '

o

'

do
2 1 21

a
→⑧ e.④→④

b b bf Jb

-



Question

L -- L naCw) mod 3=0 and hbcw) mod 3=0 }

a b
#

o o

→④→a④a→④
O l b
O 2

I 0

in
i

2 I

2 2

a

Question

L -- f naCw) mod 3=2 and hbcw) mod 3=1 }

same as Question 16
,
final state 6217



Questions

f- f binary no . divisible by 23

8=10,11 ,
8*={0,13*3 L

→8
'

O

* Question

f- { w/ w mod 3=0 , WE { 1,03*3

Binary no . divisible by 3

8 4 2 l

l O O o - 8

I O l l - 11

l l O l - 13

remo rem 1 rem 2

O O l l 2 10

3 11 4 100 5 lol
6 110 7 Ill 8 1000

9 1001 10 1010 11 104



o remainder states

D l o

→④
→①→④ 91
c- ←

I
0

state 1 State 2

10 → 2 (2) 101 → 5 ( 2)
11 → 3 (o) 100 → 4 CD

Shortcut : ÷ by 4

yp
° I O l

O O l O O → I

state
' 14¥3721 2 20

32¥
* Question

L -- f w/ w mod 2=0 and wmod3 to }
WE {

1,03*6
States



÷2 ÷3

O l O l 2
cyylo → 2 ( 0,2)
II → 3 ( 1,07

2 3 Binary Decimal

[023101
→ 511,2)

O O 0000 0 100 → 4 (0,17
I I 0001 I

0 2 0010 2 [103/1,0] } (0,0)
I 0 0011 3 Cl

,
D

O l 0100 4
I 2 0101 5 1001 → 9 ( 1,0)
O O 0110 6

COD
1000 -78 (0,2)

l l 0111 7

anyone i:{9,1,
O l

b n

→Ooo
Tofte of )u%o
④



Question

Unary no
.
divisible by 4 but not 3

No ÷ by 4 = 0 I 23

No :-b ,
s .- o , a

Jag,z¥"my
" " re

;÷3
2 2

3 o

→Ooo-
ti t '

Oi ④

④



NON- DETERMINISTIC FINITE ACCEPTOR (NFA)

. On a given input , can go to any no . of States

• Transitions not determined; choices

° computation looks like a tree

. Construction of NFA easier
,
but must be converted to

DFA

• DEAS will be constructed as synchronous sequential
circuits .

Formallsefinition

• Five- tuple (quintuple)

M = { Q
, 8 , d , go , F)

Q = set of finite States
8 = set of finite YP symbols
J = transition

go = start state of→ no trans
.

F = set of final States

of = QX8→ 20

→ ④ Lol
, go , oh , 190,971

power set



Question

construct an NEA that accepts a string of a's followed

by b's

minimal string : (a) n ab (b)m

a

Pv Lgb
→⑨ ±

Tree → computation

L -- lanbm I n
,
m 213

try : aaaabb → computation
path

a a

go→ go→ go# go to go X

al, ab ab ab b b
91 9 , El→ 9, → q,× X 9 '

X
b)

q, b↳⑧x

accepted



Questions

string that ends with 2 O 's or end with 2 l's

1=1 woo or WII I W E {0,13*3

→

¥
'

Transition Table

-x.gg?/4i:%fa.e,p y
¢ 92

Question

Binary even no
.

- ⑧ →

NFA DFA



Question

NFA : string where second symbol from RHS is a

ca or b)
n
a ca or b)

→ ⑧

Question

NFA :L-- { binary string , sum of last 4 digits is odd }
0001 I

0010 2

81,994 0,1 →O O
18,90 ,
} f

④ oh as

ii.
"

"

as °→④ ④



Question

NFA : L-- ha b5wb4 I W E La , b's
't }

a bbbbb Ca , b)
n
b bbb

→⑨ ⑥⇒④
Ib

④
tub

④←b④←b " b

Question

NEA : L -- f w abw/ w Ela ,BY}

a ,b a ,
b

n a

→ ④

Note : Regular languages : accepted by NEA ) DFA



NFA to DFA
subset construction method

ALGORITHM

NFA state diagram
I

DFA state table
t

DFA state diagram

1. Insert start state of NFA as start state of DFA

2- Repeat : f a E E

orcgi , a) → gj
New row of DFA state

Question

L -- I third last symbol is 03

LO ,Dn 0 CO
,Dz

convert NFA to DFA



NFA

→ ⑧

#
Qo → go 190,9 ,} Qi 90 Qo

nsetwate Q , 190,9,} { 90,9 , ,9d Q2 190,923 Q2
Q2 {90,9, ,9z} 190,9, ,92,933 Qb { 90,92393} Qy

Q3 {90,9/192,93} 190,91,92,9103 {90192,93304
04 Qs Qb

¥: '¥¥÷÷÷÷::÷:÷¥÷÷.Q
, { go,q , ,9z} Qs 190,933 Qb

°

O
'

A

→

ix. t .
④¥
#



Question

f- { second last symbol is a's

*
→④

a b perform
"

restate 4%904%4%9,70 union

Q , Q2 013
Q2 *{90,9, 923 190,919239 { 90,923013
013 * { go,qz} 190,9139 90 Qo

b a
D D

→④ to

HE
⑧

try : aabab



Question

L-- l strings ending in ab )

NFA 9lb
A

Transition Table

a. →goin.

Qi 190,9 ,} 190,91304 { 90,923 Q2
* { 90,92} {90,939 Go Qo

a

i
b ,

try : aab



Questions

1=1 string ends with aa or ends with bb }

t.
④
I

¥.si:0/Yo;:%a0i*/oTaQz*h9o,q,9dh9fo,q,qz3Qzlgo,
!%}Qz

Q3 190,9g} { 90,913 Qi {90193,92304
Qy*{90,931923 {90,9 , } Q, {90,93392304

99
→④

b
b

tu



Question

L= { wabb ) w E {9,63*3 NFA → DFA

NFA : 9lb
A

→④

Transition Table

*sina.io/i::::i47...Qzl9o, 923 190,9,} Q, { 90,933 Qs
Qzxfqo , 9,3 {go,9,3 Qi go Qo

fb AA
b

-

ra

try : ababb



\ - NFA-

• still non -deterministic
• automata with x transition
° without any input can move to different
States

•

regex

Questions

L -- { start ee end with same symbol E Laib 's}
X -NFA

awa bw b

awa or bwb ② ⑤
H

.

a.b ⑨
A

→⑨ ← r

← s

0
crib



Question

L -

- f 012 accepted } CX -NEA)

O 12 V

00 ✓ O ✓

Ol U l r

012 ✓ 21

(2 ✓ 21 X
Z ✓ to X

not an
Yp symbol try : 2

✓

d

Question

what language is accepted ?

E- lil IH )

X - closure : set of all
States reachable from
current state just by

c) closure Cq ,) -- Iq , ,qz ,go) x moves including itself



Question

construct X -NFA for the language that
accepts the string cab lab using only 3
States

× , a

LX
,
ab
,
abc
,
abab

,
abcabe

. . .
]

→⑧¥⇒
M -- IQ

,
E
,
8
, go ,

F }

Q
of QXCEUX)→ 2

To convert X NFA to DFA is similar to NFA to DFA
,

taking into account a - closure of States q start state

Note: x -closure of start state of X - NFA is start

state of DFA



Questions

ConIfa: Tea

do not

← forget ! !
States 1

099%7,9%1%92,78; Corcoran]

I
→④



Questions

compute a closure for all States

→⑨
II

a- laid
⑥ c

x

÷÷÷t¥:÷¥÷i¥÷÷i:



Question 40
-

convert to DFA

L -- { an bmckln ,m,k 207
a

fa ab f
→④
X - NFA

States

¥¥÷i:÷iE01 9 92 ol 92

Transition table for DFA
find start state

as d-closure

Q.tt#gYg3lqo,g7IQo!YgQXdosurelqo)Q ,
* { q, ,qz3 0 Qz Lai , 9239 92 Q2

Q2 * oh 9 Qz 0/03 9202
Qz 0 0 Qs 0 Qs 9013

end states



Aib
, c

ga A

⑧b-⑧Is -9¥

Question x

convert to DFA

±
,

→④ @ ④
X
,

-

①s
States d

State a X -closure

¥: :¥¥¥f÷:*:p4¥ 10 01 96 959693%9899

4. ¥ ¥ 's
.

" :*::*..
98 4 oh 10 98
*gg 0 4 0 9g



Transition Table for DFA

state

Qo → go q, Qi 0 Q2

Q , 9 , 0 Q2 929394989g 013¥÷*¥÷÷÷÷÷÷÷:÷÷÷:÷÷:p:÷÷;÷÷÷¥:
→④⇒
a 4. ta

0 0*0
a , b b a

→ →

by ya
'

b aib

④
① ab



Question

convert aNEA to DFA

L -- { Cloth l n to }

I
.

→⑨¥'→④#¥o
-

x

DFA

a.
*

HotY%/8aikQ.Q , 9 PQ
, g Q

,

Q2 {92,933 194,9,,9s3Qz 0 Qi
Qs * 194,9 , > got 0 Q , {92,933 Q2

→ no,
→ ←④a

①To
0,1



Minimisationoftsftts

Mark Ee Reduce 1Table Filling Algorithm

(ONLY ON DFA)

• Redundant States
. Merge States
• compare 2 States and compare to merge Cpair)
• Two kinds of pairs

Distinguishable pair
a

cqoq,)
-

CFS
i
NFS) or CNFS

,
FS) any z

T CFS
,
NFS) or CNES

,
Fs)
I cnaeendsnaoftsbhf's

both

Indistinguishable pair can be

(Eog)
I CFSIFS) or cups

diff

T CFS
,
FS) or CNFS

, NFS)

. cannot distinguish

. can merge
• must identify these pairs

• First find distinguishable pairs
• Remaining: indistinguishable



Steps

it. Eliminate unreachable States

2. Mark distinguishable pairs

3- Any unmarked, CMN)

if 8cm,a) = X and GCN
,
a) = Y and CX

,
Y) is

marked
,
Mark CM ,

N)

Repeat until no new States can be marked

a. combine unmarked States and make into single state

Questioned

Minimise

° ¥9 ' on

→ o J 0,1 D
→④←④←④ ④→④

y



"

iii.
.

Step 0,1

→④÷④→
→

Step
• Draw table (no need for reflexive g symmetric
pairs) eg : Cqoqp 619,907 ④ Gogol , Cq , 9,7

° Table is triangle (horizontally start q leave out 1)

q , O-id '

pairs first iteration

in:÷:b::
... .. ..

Go 9 , 93



Transition table
O Cq , go) UM

÷÷÷I÷f÷.
" """ Fenix

2) CgsG)
(9595) X

( 9595) X

O 0,1

A A

→

II.minimise mean.



a- a-Chastity
→ go on 90 (9094)¥81498: btcoroaalvm
93 93 94

94 95 94 (9,93) UM
*
ok 95 go Gogh

b Goga) UM

* 9 , X
(9,9570M

- Cqq?
92# b- (9290) UM,* ay, egg ,>

around 'm

* qs X X X b- (9294) UM
90 9

, 92 93 9g
* * a- (93957 UM

Cqaqq)
ya cahoots) UM JC9z9a) UM

4395)
- cqqqo) VMb



All unmarked find eq . class

Cqoqa) elements : ( 909,92939495 )

(go 92)

Y.is/emiaaiieniecqz9a)

( 9395)

same elements

Equivalence classes

CqoI=Cqoq④/
= (909294)

can -_cg/
i:÷i:o:o¥.ae#::::tsCqp--C9a9o9@cqss--C9sm9@

two partitions



↳ aa

%
Question

Minimize

.

Abi:i¥÷¥



1st iteration

B X 2nd iteration 2nd 3rd
-

3rd iteration

* C X X a- BF UM
- AB}* D X X TFC M

* f. ×¥gµ ap
, ,r
, um ,m

F X X X xx -

A B C D E
' b

FF X

a FF X
← * * BFF

of Mb
All unmarked

( CD
,
DE
,
CE )

CE
t DD X

T EE X

equivalence class
ar DD X

ECT -- (CDE) CD

¥3 Jone state j ee x

G DDX
DE
- EE X
b



Minimized DFA

fails
→not

BY La

¥
"

i
←



Transition table

a
, X

ar X X

×

93 X X X*÷÷:÷÷÷¥¥#⇒
er x x x xx

*go As 92 93 94

0/9492 UM DM um

The.vn CHE!!⑨
(qg

949 ' UM
0/9591 UM

9295 VMIOM a

9¥ 9490⑨
' 9095⑨

9294 UM

a
.mn#E::::8
9290 ⑨ ¥

9092④

9493 UM



yo 909 , M f
9192 UM

Ha
ImoTongs UM Tasos un

The DFA has already been minimized

Reattimettpplicationsofautomatao
text processing

! compilersnetwork protocols
• hardware design
• gaming

1) Switch implementation

→

④ ④
c-

2) Code lock implementation
3) Communication link

• acknowledgement use edit

4) Spellcheck d distance
• error detection t suggestions prediction clevenshtein

distance)

Advantage-

.

testing



JFLAPDFA
→ strings with

'aaa'

→

I


